
LASSI

Armed Servi 1hces e hcnforati ogency
Reproduced by

DOCUMENT SERVICE CENTER
KNOTT BUILDING, DAYTON, 2, OHIO

This document is the property of the United States Government. It is furnished for the du-
ration of the contract and shall be returned when no longer required, or upon recall by ASTIA
to the following address: Armed Services Technical Information Agency,
Document Service Center, Knott Building, Dayton 2, Ohio.

NOTICE: WHEN GOVERNMENT OR OTHER DRAWINGS, SPECIFICATIONS OR OTHER DATA
M-ID FOR ANY PURPOSE OTHR THAN IN CONNECTION WITH A DEFINITELY lX ATED

GOVERNMENT PROCUREZMZX OPERATION, THE U. S. GOVERNMENT TSEREBY
NO RESPONSIBILYrY, NOR ANY OBLIGATION WHATSOEVER; AND THE TACT T .. :

GOVERNMENT MAY HAVE FORMULATED, FURNISHED, OR IN ANY WAY SUPPLIED Th "
SAD DRAWINGS, SPECIFICATIONS, OR OTHER DATA IS NOT TO BE REGARDED BY
IMPLICATION OR OTHERWISE AS IN ANY MANNER LICENSING THE HOLDER OR ANY OTiER,
PERSON OR CORPORATION, OR CONVEYING ANY RIGHTS OR PERMISSION TO MANUFACTURE,
USE OR SELL ANY PATENTED INVENTION THAT MAY IN ANY WAY BE RELATED THERETO,.U1 LASSIFIE



*- NEVv:: -

4<
NEVIS CYCLOTRON

LAB6RATORIES

COLUMBIA UNIVERSITY

PHYSICS DEPARTMENT

Irvington-on-Hudson,

New York

Joint ONR - AEC -rogram

Office of Naval Research Contract

Contract N6-ori-liO Task No. I



p
R - 134

CU - ill
Nevis - 26

Nevis Cyclotron Laboratories
Columbia University
Physics Department
Irvington-on-Hudson,

New York

PION-DEUTERON SCATTERING

IN THE IMPULSE APPROXIMATION

Ronald M. Rockmo

CU-111-56-ONR-110-1-Physics

Reproduction in whole or in
part is permitted for any
purpose of the United States

Government

Submitted in partial fulfillment
of the requirements for the degree
of Doctor of Philosophy in the
Faculty of Pure Science, Columbia

University

April, 1956

Joint ONR-AEC Program
Office of Naval Research Contract
Contract N6-ori-ll0-Task No. 1

tV



R-134

as calculated on Bruecknerts model is approximately 10% of the

free particle cross section and positive. However, a perturbation

3 3
field-theoretic treatment of the (ff , g) double scattering

indicates that Brueckner's model is unreliable at low energies.

The binding correction to the impulse approximation is calculated

using a p-state interaction hamiltonian (pv coupling) and

found to be -3.2 mb at 85 Mev. The forward peak in the elastic

differential cross section is found appreciably reduced by

destructive interference arising from elastic 'absorptive'

scattering. It is concluded that, at energies ' 100 Mev,

absorption corrections are significant, with the multiple

scattering correction becoming important at higher energies.
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ABSTRACT

The pure scattering model of Fernbach, Green, and Watson

is used to obtain impulse approximation expressions for the

elastic, elastic plus inelastic (closure approximation), and

charge exchange (closure approximation) v-D differential cross

sections. The net interference where p-wave scattering is

dominant is found to be constructive; the interference due

to charge exchange scattering is always negative. The Coulomb

effect gives rise to strong destructive interference in the

-D elastic component at 85 Mev (laboratory energy of incident

pion) for angles < 450. The multiple scattering correction
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as calculated on Brueckner's model is approximately 10% of the

free particle cross section and positive. However, a perturbation

field-theoretic treatment of the ( , 3) double scattering

indicates that Brueckner's model is unreliable at low energies.

The binding correction to the impulse approximation is calculated

using a p-state interaction hamiltonian (pv coupling) and

found to be -3.2 mb at 85 Mev. The forward peak in the elastic

differential cross section is found appreciably reduced by

destructive interference arising from elastic ''absorptive"t

scattering. It is concluded that, at energies " 100 Mev,

absorption corrections are significant, with the multiple

scattering correction becoming important at higher energies.
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I. INTRODUCTION

A new experiment on the scattering of positive pions by

deuterons at 85 Mev, described in detail in the accompanying

paperI , has motivated the following study of pion-deuteron

K. Rogers and L. M. Lederman, Phys. Rev, to be published),

hereafter referred to as Paper I.

scattering. In view of the present improved status of the

phase shift analysis of pion-nucleon scattering2 , it is of

.2 J Orear, Phys. Rev. 100, 288 (1955).

interest to carry through the method of approach adopted by

3Fernbach et al: the problem is formulated in terms of the

Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951),

hereafter referred to as FGW.

impulse approximation4 with a phenomenological analysis being.

4 G. Chew and G. Wick, Phys. Rev. 85, 636 (1952); G. Chew

and M. L. Goldberger, Phys. Rev. 87, 778 (1952).

made of the leading terms5 in the expansion of the transition
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5
Eq. (10), ref.4 (Chew and Wick); Eqs (13) and (21), ref. 4

(Chew and Goldberger).

operator for the complex system. In the following, the appellation

''usual"t impulse approximation is given to these leading terms

which form a linear superposition of the two particle operators

referring to the scattering of mesons by single free nucleons.

As the work of FGW is essentially independent of any detailed

assumptions about the individual scattered amplitudes,their

conclusions regarding the use of further simplifying approxi-

mations constitute a valid basis for our treatment.

In Section II, the pure scattering model of FGW is used to

derive expressions for the elastic, elastic plus inelastic, and

charge exchange (v + + D -+i 0 + 2p) differential cross sections.

As the elastic contribution was observed down to 20 in the

laboratory, the Coulomb effect is included in the formalism.

A general discussion of the properties of these cross sections

is given.

The higher order terms6 in the expansion of the transition

6 Eq. (21) and discussion, ref. 4 (Chew and Goldberger).

operator give rise to the well known multiple scattering

corrections and the binding or tpotentialt" correction. In

page two
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Section III we discuss the first of these, the multiple

scattering, from the standpoint of two adiabatic models. We

7find, using Brueckner's model for multiple scattering7 , that

!I 7
K. A. Brueckner, Phys. Rev. 89, 834 (1953); Phys. Rev. 90,

715 (1953).

the total cross section is approximately 10% larger than the

total free particle cross section at 85 Mev. Calculations are

also presented which indicate large reductions in the total

tii-D cross section, as well as the elastic differential cross

section, at energies in the neighborhood of the pion-nucleon

resonance. A qualitative study is also made of the (t = 3/2,

j = 3/2) multiple scattering at 85 Mev in the double scattering

approximation via a p-state interaction hamiltonian with

pseudovector coupling.

In Section IV the potential correction to the (3/2, 3/2)

scattering is obtained from a perturbation field-theoretic

treatment using the same p-state interaction hamiltonian;

for 85-Mev pions, this correction is found to be -3.2 mb.

In Section V the effects of absorption are discussed

and a modified FGW model including absorption developed in

some detail. Using a simple phenomenological model for pion

absorption, significant interference effects on the elastic

differential cross section are found to result. For the

Hulthen wave function a reduction in the elastic cross section

page three
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(Epion = 85 Mev) of approximately 5% is computed.

Some multiple scattering formulae are collected in Appendix

A, and their derivation, an extension to a spin dependent amplitude

of Brueckner's model for multiple scattering, is sketched in

Appendix B.

II. THE ??USUAL1? IMPULSE APPROXIMATION

In what follows, we take h = c = 1; also, a', b refer to

quantities measured in the pion-nucleon barycentric system with

the corresponding quantities a, b measured in the laboratory
'V

system.

Notation and Conventions

k w vector momentum and energy respectively of the incident
pion

k, w vector momentum and energy respectively of the
scattered pion

cos-1 ( kk k)

v =kl/wl

M, 11 average nucleonic mass, average pion mass respectively

Ek, total energy of nucleon in pion-nucleon barycentric
system

v k'/Ek,

a 1/137

T meson isotopic spin operator8 (with T = 2)

8 A convenient matrix representation of T may be found in L. Schiff,

Quantum Mechanics (McGraw-Hill Book Co., Inc., New York, 1949),

page 144, Eq. (24.15).

page four



R-134

K = k - k recoil momentum of dinucleon system
ev ^\DO IV

, t it expi6 where 6 is the phase shift for
= snc tj ex j 5i

momentum kt with indices t, J, I labelling the

states of total isotopic spin, total angular

momentum, and orbital angular momentum, respectively,

of the pion-nucleon system.

2 + 2  2 2 2(t +2Mw 0 +M)cose[l-(A/M) sin2 e] - [Wo+(1 /M ,(wO+M)sin20
cose, = [(W +M) - (kocose) 2

P J(e) d(cose') =
d(cose)

(A2+2Mwo+M)[W+(p /M)]cose+(wo+M)[l+(A/M) sin el
[_AM222 2 (k 2

in e/M 01'2[%+M) - kcose)

E tB projection operator onto the state of total, isotopic

spin t for pion + nucleon (1)

E3/2  -B(2 + T

32

F jB projection operator onto the state of total angular

momentum J, orbital angular momentum £ for pion +

nucleon (8)

page five
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(40-1 (k ,/,

F3  =() (2cosel + i ndo' whore noin6~(kl

FP 1  (3/41r)P (coset) - v

233

R 1 Iy where Ir I

i(k -k)*X
f(e) g(e)e 4

2 2

PD f k 2dkb(Ef - u - K 2/4M)

PF f kck6(E- W- K/2M)

fl(2K) f dr IT 12 e*

92(e) K T = 1, izk Ig(e) J T - 0, wt >

g3(e) =< T - 1, w Ig(o) T - 0, it

page OIX
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The "tnucleart" scattered amplitude (in the laboratory

system) for pions on free nucleons is given by

i(k -k)'R 8

fN(e) = [EJ(e)] Zt e . (2.1)
t,j,2,,B t

At energies > 30 Mev, though not so high that relativisticOU

corrections need be made, the Coulomb effect may be

adequately accounted for through the addition to f (e) of
N

the Coulomb amplitude in Born approximation,
9

i 9
J. Ashkin and L. Smith, Technical Report No. 1, Carnegie

Institute of Technology, February 2, 1953 (unpublished).

fc (e ) [J(9)]2 XI a (B +)4sin 2 ( ,/2).(v +vP)

(2.2)

Thus, the scattered amplitude for pions on free nucleons in

the laboratory system takes the form

' ,f EB B
f(e) = [J(e)]1 ' l E 4EFt

Bf tlj, tp ,

a(Tz +l) ei(k k-

(0B+Ie TZ } (2.3)4sin 2 (e'/2) .(vl+v")

4
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For elastic scattering (it + D -*ri + D) it follows that

-G(e) TrAIT(l,+OTW Iy()g~)() f

(2.4)

Evaluating the indicated trace and labelling the phase shifts in
10

the conventional way, we have

10 G. C. Wick, Revs. Modern Phys. 27, 339 (1955).

dE(e) 4 X,~21 1j(e) .IDf 3a
dQ 27 H) tF1 +2J3  4sin2(e,/2)'(vI+v)

+(TliI+2fl 3+2TI31+4T33)cos'j 2+2sin2e' +23-Ii-231 121

(2.5)

We take for WD(r) the Hulthen wave function (neglecting D state

admixture)

!D(r) = rr- (r + i6) 2 (e - r -

L2D -(B r

111

with B = 7Z-, 11with the result that

Eq. (18), ref. 3.
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4~-3(-I1 - K, 1 -1 K_ (26)

H(K) = 4 1 tan-1 ) + tan- (K )-2tan-  K
K (T-.) K 2(3)

The marked effect of the destructive Coulomb interference at

angles < 450 for positive 85-Mev pions may be noted in Figure 1

where aE(9) and a (e) are plotted together
Nuclear Nuclear + Coulomb

for angles 45° in the laboratory system.

For inelastic scattering (V + D -*+ ± + n + p) one notes

that the possible final dinucleon states are (S total spin of

the n-p system, T = total isotopic spin of the n-p system)

even parity, with T = O, S = 1 or T = 1, S = 0, and odd parity,

with T = 1, S = 1 or T = 0, S = 0. Thus, the differential

cross section for the sum of elastic and inelastic scattering

12in the closure approximation takes the form,

12 The closure approximation. is discussed in detail in ref. 3,

Section III; see also G. Chew and H. Lewis, Phys. Rev. 84,

779 (1951); M. Lax, Revs. Modern Phys. 23, 287 (1951),

Section VII.

dE+I 2 1+
d ( T = z Z (D(rt )g (o)[6(r-r')

dQ 1i=l j=O D

. (-I) i + j 6(r+r')] Aigi(e)AITD(r) )}.(2.7)

a D'

page nine
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Following FGW we make the replacement in the closure approximation

to the Elastic + Inelastic cross section,

H (2K) -*H I(2K) a H(2K)(PD/PF) . (2.8)

Hence, there results

dcrE+ 2 X,2 J,[ I+H I (2K)][1 I+2113  3a
d 9 4sin2 (e'/2) (v'+v')

+coset (ll+2f3l+213+4T33) 12 + sin 2S' h13+233Tll2T31 2

3

3a+[1H' 2K)[ I- 1 3 4sin2(O,/2). (v,+v,)
1r p

+cose' (- ii+n 31 -2' 1 3+2n 3 3 ) 12+ 2-sin2e I'ii-T31-113+13312]
3

+[I-H' (2K)]l-sin 2et M13 +2fl33-TllII-2TI31 12

3

+[I+Ht(2K)I l-sn 2e91 I-1 1 3 +T]3 3 +1 1 1 -T13 1 12 } (2.9)

As the quantities, sin 2et, [1-H'(2K)] are small for values of e

near zero, the forward peak in aE+I(e) is almost entirely elastic.

The comparison with experiment of the resulting curve for Epion = 85

Mev may be found in Paper I. Expression (2.9) may be rewritten as

page ten
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E+I() = on(,) + P(e) + H'(2K) I • • . . (2.10)

(sum of free particle differential scattering

cross sections) + (interference terms).

Elastic scattering is largely responsible for the inter-

ference terms in E+I (0). Their 'net effect is positive

(constructive) with a large positlve contribution coming from

scattering angles < 6m (correspond ng -to e' = w/2) and a much

smaller positive or negative one from e > 0m. As H(2K) is

small compared to 1 for large mumentum transfers or large

E+Iscattering angles, a (e) differs only slightly from

o(dcn/da) + (dap/dQ) in the backward hemisphere at 85 Mev.

(PD/pF) and H(2K) as functions of the scattering angle 9 are

plotted in Figure 3 and Figure 4 respectively for 85-ev

mesons. In Figure 2 (daE+I/dl) has been plotted with and

without inclusion of the Coulomb effect in order to emphasize

the large destructive interference arising from it in vr+-D

scattering.

We consider now the differential cross section for charge

exchange T-D scattering. Noting that the states accessible

to the diproton system are odd. parity, S = 1, and even parity,

S = 0, we may write the charge exchange differential cross

section in the closure approximation as:

page eleven
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Ace - Tr (T (rl),g3(e)i[6(r-rl)+(-1)J6(r+r ' ) Ag(eA

M3 j=0

= j1, 2  1 [1-H(2K)[6 - 12

27

+ 4sin 2e'11,13311+%,1 2]

+ 2[1+H(2K)]sin29' J 11-l31-'3+31 33 12  (2.11)

The charge exchange differential cross section (closure approxi-

mation) may also be written as

daC/dQ = dac/dQ - H(2K) .• .•
n

where (daln/dM) is the charge exchange differential cross section

for positive pions on free neutrons (or negative pions on free

protons). Here, the interference is always destructive. Note

that at energies where p-wave scattering is dominant (Epion > 70

Mev) the net interference in (dac/da) + (daE+I/dM) is constructive.

In the closure approximation, ac (e) clearly vanishes at e = 0

since that part of ac(e) which arises from transitions to odd

parity final states contains [1 - H(2K)] as a factor while the

part arising from transitionsto even parity final states contains

sin2 e' as a factor, As before, detailed comparison of (2.11)

with experiment may be found in paper I.

page twelve
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III. THE MULTIPLE SCATTERING CORRECTION

We consider the multiple scattering correction to -D

scattering first on the fixed point source model due to

7Brueckner where off-the-energy-shell scattering is neglected.

The coupled equations for the scattered amplitude are solved

in an approximation described in Appendix B. Expressions

for the total cross section and the elastic differential

cross section are exhibited in Appendix A. The resulting

values of afree' aexact, as well as adouble scattering' for

85-and 190-Mev pions are tabulated In Table I, where in both

cases 633, 63, and 61 were taken from the Orear fit to

pion-nucleon scattering data.

At 85 Mev double scattering furnishes the principal

contribution to the multiple scattering correction. While

the quantitative results (see Table I) are sensitive to the

?small' phase shifts, 631, 613, and 611, an enhancement of

the free particle cross section of approximately 10% by

multiple scattering is indicated.

On the other hand, at pion kinetic energies in the

3 3neighborhood of the resonance energy for (i, P scattering,

multiple scattering reduces the total cross section well

below the free particle cross section. At these energies,

the multiple scattering correction to the elastic differential

cross section calculated in the impulse approximation is also

appreciable (see Table II).

3 3We now consider qualitatively the (,, j) double scattering

correction resulting from a field theoretic treatment in

page thirteen
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Born approximation of an interaction hamiltonian similar to that
13

of Chew. Besides the expectation that such a treatment has

13 S. Gartenhaus, Phys. Rev. 100, 900 (1955), Eq. (1).

some validity at low energies, the procedure has the added

advantage of specifying the behavior of the meson-nucleon

scattering matrices off the energy shell.

We use the fixed point source interaction hamiltonian in

the charge-symmetric pseudoscalar theory with pseudovector

coupling.
2 3 (3) (')(31

1H (4W)2 •1 Zr (R (3.1)
B=1 a=1 a a

Following Chew and Goldberger,14 the elastic double scattering

14 Ref.4 (Chew and Goldberger), Eq. (29a).

impulse approximation matrix element, (k'r9 djk) is given by

(see Figure 5 for the diagrammatic representation),

d) <w±,T=O(D()e-i (k+k') r

f (k tl l ) ei V'  ,, (2w) -3,,,

w k -w + ie

(fIt2lk) (r) )Jw±,T=O + (r-+-r,+-+2). (3.2)

page fourteen
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Note the adiabatic approximation in (3.2).

3 3
Specializing to (., .) scattering in'the Born approximation,

15we make the replacement,

15 Aitken, Mahmoud, Henley, Ruderman, and Watson, Phys. Rev.

93, 1349 (1954), Eq. (30).

(B)
I I t l) -" (,9 T 11)3 3 IAl)

2
(32 2 f) TI (-- 3 TI- 3 (Tl, F3 11) (3.3)

(,2) ([w(k-w -d T3 31,

where

( I 1 + io8 . ' x 1,) (3.4)

The resolution of the denominator of (kt 9 dlk) into partial

fractions,

- =wk~w~e (+ !+ +W (Wk-(j11+ iP (W k) Wk W1 kW1 Wk kW~e

(3.5)

readily yields the separation of (kt [CdJk) into contri-

butions from real and virtual double scattering. Thus, we have

(k' I(d Ik) = (kt J9d real jk) + (kt tdvirtual Ik)

page fifteen
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where - (k+k')r
(k r e a l Ik) (32 12 f2  2 k 2  2(TDWe

(-t -2 4 - (Dre
IL w k  9

iT-r ~2 cQ(,)-3
f e iV (k' (F3

1 ) I ) (1tF 3 IF ( 2 ) Ik) ( (r)J
~ wk -w + i

+ (14--+ 2, r-'- r) (3.6a)

and

avirtual 32 2 f2 k2 2 (k+k')r
(kk= ) 2kP2 !F --2 (Dr)eI d 2%0 ~

fei'r Fk' ('I I ) (IF 3  Ik)dI(2w) - 3

1 1

+ + (r + r)
T1 WkW 2 Wk )D

(3.6b)

As Is ( mi (kl)( dreallk), it follows- that the correction

to the total free particle cross section is16

16 We make use of the "'optical theorem'', cf. B. Lippman and

J. Schwinger, Phys. Rev. 79, 969 (1950), Eq.(1.75).

page sixteen
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Ac, = - 2wkX I Sp [A Im (k rdreal 1)j

16 72 4 f2  k3  2 14 < (jo(kr) )2>
--'~ (~-2 -) -( 0 k))

27 IL W 3

22 j2 (7+-<(j 2 (kr) )> (3.7)
3

A second Born approximation to the phase shift analysis of the(2)

S-matrix for pion-nucleon scattering
17 yields 633 = 3,2

17 G. F. Chew, Phys. Rev. 94, 1755 (1954), Eqs. (9) and (10).

thus (3.7) is seen to be formally identical with that

obtained from the Brueckner model in the Born approximation
3 3

for (f, P scattering only. It is easily shown, for a

reasonable cut-off radius, that (k' d1k), the matrix

element for off-the-energy-shell scattering, furnishes

contributions to the double scattering correction to the

elastic differential cross section at 85 Mev which are of the

realsame order of magnitude as those furnished by (k'19)Zdrak).

Thus, it is possible to conclude that the Brueckner model is

not reliable at energies far below the resonance where the

real scattering is weak and at 85 Mev in particular, and that

the neglect of scattering off the energy shell is a bad

approximation in this region.

page seventeen
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IV. THE 'POTENTIAL' CORRECTION

In our systematic analysis of corrections to the ''usual''

impulse approximation, we turn now to consideration of those

terms in the perturbation expansion of the transition matrix for

the problem which form the 'potential' correction to the

p-wave single scattering under the given interaction hamiltonian.

These terms occur as 'interruptions' in the single scattering

with virtual mesons exchanged by the two nucleons during the

scattering. For simplicity we shall only be concerned with

the 'potential' correction to the total cross section resulting

3 3
from (g, ) single scattering, i.e. we apply the optical theorem

to the imaginary part of the 'potential' correction to the

scattering matrix in the forward direction. It should be noted

that ladder correcticons (Figure 6 C), i.e. the exchange of virtual

mesons before or after the scattering takes place, are removed

by using the 'correct' deuteron wave function. This follows

from the fact that in the forward direction, (elastic scattering),

ladder corrections are decoupled from the real scattering.

In terms of the Chew-Goldberger formalism, the impulse

approximation matrix element of the 'potential' correction to

3
(n ) elastic single scattering in the forward direction is

18
given by

18 Ref. 4 (Chew and Goldberger), Eq. (24).
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(B)
(k0191 lo) k Z< ±, T=Ol( D(r), f (kotO3, 3

vg) (9., 3, 3 1) -J -I0 3, 3 jko)v(r)]

di (2w)
-3

) . D(r ) T 0 , Ir > . (4.1)

The term of order f2 in (v lt) is (see Figures 6a and 6b)

(2) )2 . T, " c2Te dl

it ( g (w +w _wO) (2r)

(4.2)

Note that the terms of order f2 and f4 of (koIvglo) are

just the familiar second and fourth order nucleon-nucleon

potentials discussed in detail by Brueckner and Watson.
19

19 K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023

(1953), Eq. (60).

The potential V(r) is related to the binding energy of the

deuteron, - 6D' by the Schrodinger equation,

page nineteen
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- + V(r)] r) r). (4.3)

In evaluating Im(k 0 pjkO), the following relations are useful:

() = - d - w0 ) (4.4a)
W - gidw0

d ( [Vg I _ 2 (f TLT'2 al.-a V 0 r

= 0 (4.4b)

Further, it seems a reasonable approximation at low energies

(Wk g) to replace (ko1VgIk 0 ) and V(r) in the final expression
for (k0I9 Ik0) by a charge-independent static potential V(r,a,T)
which fits all the low energy data. One such ''omnibus''

20potential, due to Feynman, which fits high energy n-p data

20 Notes on High Energy Phenomena and Meson Theories by

R. P. Feynman, 1951 (unpublished), p. 28.

as well, is

Vr,,T) (l+P) (-46.1 Mev) +2 e (4.5)c r  • 12 (.trJ

with g- 1 = 1.18 x 10 1 3 cm, = 1.69 x 10-1cm.

page twenty
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The potential correction to the total cross section (for

3 3( , ( , single scattering) is then,

ii sAto=- 2 0 1[ Sp [Im(ko[IXpjko)M
~tot =-2 0a 1. Li" 0 -iCi 0J

_ f-I C(ld

_ 320 x2 62 1+ 3 ,,2V , (r)dr
i81 3 kp2

!lcw 0

1600 2 2 2 2 K Kl([Lr)1d
- 243 0\( r ) -

lr

(4.6)

where V (r) = (-46.1 Mev) (p 0_ e r We treat

4f k /3p w phenomenologically, setting 63 equal to
33 3

its experimental value. In calculating f f [K0 (pr) -

(gr)- 1 Kl(gr)][TDf2 dr we make use of the parameters used

by Brueckner and Watson19 to fit the low energy properties

of the two nucleon system, namely f2 = .0855 and the core

radius, r0 -- .3 x 10-13 cm. (The procedure is equivalent to

the assumption of two phenomenological coupling constants,

the one energy-dependent (scattering interaction), and the

other energy-independent (nucleon-nucleon interaction) ).

At 85 Mev, taking 633 = .27, we find Acto t  -3.5mb + .3 mb

-- 3.2 mb.
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The principal sources of error in our treatment are:

(1) the phenomenological fit of the Born approximation;

(2) the omission of terms for which three mesons are simultan-

eously present in an intermediate state (see Figure 6d,e) (these

terms increase in importance as the energy of the incident meson

decreases); (3) neglect of the terms (lvg (4)i LR)
in the evaluation of (4.1). 20

V. THE EFFECTS OF ABSORPTION; A MODIFIED FGW MODEL

As the FGW model neglects mesic absorption, its contribution

to the total w-D cross section must be separately calculated. A

calculation of the cross section for pion absorption at 85 Mev

from the inverse process is in good agreement with experiment.1

One notes that the absorption cross section is a not inconsiderable

fraction of the total cross section at this energy, indeed
>

cabs 10% of a(r,D). Two questions now arise: (1) what is

the reaction of the absorption (i.e. the ttabsorptivett scattering)

on the scattering calculated on the FGW model? (2) How could

one modify the FGW model, albeit crudely, to take into account

more realistically the effects of absorption?

We shall discuss the t'absorptive't scattering first. For

simplicity, in estimating this effect, we consider only the

elastic component. As the fit we obtain for the observed elastic

and elastic plus inelastic cross sections is most sensitive to

the details of the theory (e.g. the specification of the "small"
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pion-nucleon phase shifts) at angles % 450 where the

scattering is principally elestic, this is also a reasonable

approximation to make. We utilize the model for pion

21absorption and production due to Brueckner and Watson.

Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951);

K. M. Watson, Phys. Rev. 89, 575 (1953); N. Francis and

K. M. Watson, Am. J. Phys. 21, 659 (1953).

This model comprehends absorption as a cooperative process,

with the necleons being separated a distance of the order of
1

./(Mg)2 c or less, in order to accept a momentum transfer of
: 1

the order of (Mj) 2 c. Thus, this model furnishes a contri-

bution to the scattering from the region where the adiabatic

approximation to nucleonic motion breaks down, the region of
1

r < h/p where p , (Mp)2 c.

The implications of these statements are obvious. (1) In

interpreting over intermediate nucleon relative momenta in the

expression for the matrix element for absorptive scattering,

given below, one must subtract out the contribution from low
1

momenta, i.e. for r > h/(MR)! c. (2) This ''strong'"

absorption model implies the breakdown of the impulse approxi-

mation for small internucleon separations; thus, when the

nucleons are close together, the incident pion is either

absorbed or ?'absorptivelyt' scattered, with these being little

or no possibility of scattering in the sense of the impulse
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approximation, i.e. as a two-body problem. We will pursue this

point further when we discuss a modified FGW model.

In terms of the R-matrix formalism described in detail by
22

Brueckner, the transition amplitude for the elastic t absorptivet'

22 K. A. Brueckner, Phys. Rev. 98, 769 (1955).

scattering of a meson from momentum q to in the v-D center of

mass system is

oZ(', q) t-- (i,, ') -Cts (q, )-

d (2w')-3
f R+ (f , d) + 2) RQ, ) %( )12

E+it5-p /M

+ dg (2 1)-32

- f R+ (q', 0) E R(q, O)IOD () 2  (5.1)
E

where R(q, ) is the transition amplitude for absorption of

meson q by two nucleons (plane wave representation) leading to

a final state of two nucleons with relative momentum p;

R+ (a?, ) is the corresponding amplitude for meson production.

Note that

W f T dr , andCD (P, D (l

E Wq + q2/4M (5.2)
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It is instructive to bxamtne t.he consequences of a

simple ansatz for R(q, ) which incorporates some of the

observed features of pion absorption. We will assume for

simplicity that R is independent of I 23 and linear in

23 The assumption that the dependence of R on r (the

relative coordinate of the dinucleon system) may be

approximated by a delta-function, is consistent with

the choice of the Hulthen wave function for T (r).

q (p-wave absorption). The factor (p • q) is suggested by

the strong cose dependence of the differential cross section

24 B B
for pion absorption. The factors ai, + (for T -D

24 Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951)

absorption) induce transitions to the singlet final state

(T = 1) required by p-wave absorption. The parameter G is

fit to the observed total absorption cross section. Thus,

we have
2 5

25 Cf. L. Wolfenstein, Phys. Rev. 98, 766 (1955), the

'B'-term of the collision matrix M, Eq. (1).
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R(,q q)~~ . (pq) - 1 T (5.3)

wi th

a Vr 2 Im1 Sp A 1< T=Oj9t(,q) jT=O >I

=-2 IG12 M q(2 q M), PID(P)12 (5.4)
91 (ca q +2M)

where p = (ME)2 .

We calculate the ratio of the real to the imaginary part

of MT(qt, q). (These give rise to opposite interference effects

in the elastic scattering.) For the Hulthe~n wave function, a

choice consistent with our model for R, 0 PO [(p2+2 )(p 2+B3 2)-

and we have for q/p 1.13 (E =85 Mev), Re9W(q',q)/
pion r9,~

Im~(qq) ~3.2.

Since,

c)TQ (,,) =(3/8) rvq_2coselt 7, a.~~ %,)(aB.) (-+ 3 .2)

(5.5)
and

<%>TO T (-1+3.2) 3 1r" 2 O (a-a) 2).,I-0 'avcose t (ra~j-fa jf

(5.6)

where cosetl t q 2~,~ n q( 1+ 1 the "tabsorptiveW
q

elastic scattered amplitude in the laboratory system is then,
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1dq' 2

f(e~ 9t
VdEda'

where Jt 1

iiQ

From

E1+ 21A(da /CU~) absorptive -1Tr A 9g1 (e)(PD/PF) Alf a(e)+hoc.,

(5.7)

we have,

CU~ 16s H(K) %I (j PD/PF) Re C~ cose'

112T3 + (4T33+fll 1 r 13+21131) cose,

3a1
.2

-sine'sine'' (21133+T'i3 -2113i-TIll) (5.8)

with C - Jt q-(-i + 3.2) 3acs"

It should be noted that the corrections discussed in

Sections III and IV,, proceeding from an adiabatic approxi-

mation, are apart from that discussed here. The absorptive

scattering correction is sensitive to the choice of deuteron

wave function as well as to the method of subtraction of the
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low momentum contribution; in particular, the correction decreases

as Re9it/Inm9decreases. As the major part of the p-wave absorption

has been fit to the entire absorption cross section, one expects

some exaggeration in the resulting angular dependence of this

effect. One sees that ''absorptive' scattering depresses the

elastic scattering at small angles, and interferes constructively

with it in the backward hemisphere. Thus, the inclusion of the

effects of absorption even on the basis of the crude model

described above, may be expected to improve the fit to the elastic

differential cross section. We shall discuss the quantitative

results briefly at the close of this section.

We consider now the modification in the FGW model entailed

by the assumption that absorption is the dominant process at

short distances (r H f/(Mg)2 c). This is simply to cut out of

the domain of the impulse approximation the region about the

origin (of r) of radius r0 = h/(ME)2 c. A simple argument may

be given for this procedure, as follows: the inclusion of

absorption in a pure scattering model is equivalent to the

addition of an imaginary potential to the scattering interaction.

As the absorption is both strong and localized, this potential

will be strong and of short range. One would find the meson

wave function considerably attenuated inside the range of this

potential, i.e. the contribution to the form factor furnished

by this region effectively vanishes. The importance of this

region depends on two factors: (1) the behavior of the deuteron

wave function at short distances or its momentum dependence for
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high momenta; (2) the size of the momentum transfer. TheiK. 1 r

form factor f 0  F D e. dr goes over to

00 ik " Ir

f o WF D e dr, with the reduction increasing with

angle (i.e. with momentum transfer). Thus we have,

r iK'r
+(2K)] - [I + H(2K) (l+e rr _ )dr]

and also,
r i K' r

2f fo e I drlfl(K)f12  111(K) 1 2 1- 2f 17D59

H(K)

At 85 Mev, a reduction in the elastic cross section of 1 mb

is found resulting from ''absorptive'' scattering and the

'attenuation' effect. There is, thus, some indication that

at medium energies (70 120 Mev) these effects may with

multiple scattering depress the total v-D cross section below

the total free particle cross section, a result for which

there is experimental evidence.26  The combined corrections

26 Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96,

1104 (1954).

are plotted in Figure 7.

The author is indebted to Professor R. Serber who

suggested this problem to him and who gave constant guidance

and encouragement throughout the work. The author is also

indebted to Professor L. M. Lederman and Dr. K. C. Rogers

for helpful discussions.
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APPENDIX A

We present below the expression for the total cross section

(neglecting absorption) derived from the Brueckner model.

Scattering off the energy shell has been neglected; the adiabatic

approximation has been assumed; the "tsmall"t phase shifts

11' p13' 13, have also been omitted.

atot 8w2 Im <4k2  a - (8+r,)aik h1i 1 )(x)I(x)

+1 IIh ( i )7 2ik3 (1) (X)J0(x)

+ -- a2 ik 3 2 ( 0

2 2+ A- 1 (2B+y)+(28 +4By+r )ik 0 (1X)J(X)

- 4ik3 (8+;)a I 1( 1 (X ) 1> (A.1)

k = pion momentum in pion-nucleon barycentric system

a = 13 3 /3k
3  G = ik h0(1)(X)

S = (13 - 11 )/3k = (-ik3 /3)[ h 0 ( 1 ) (x + h2 ( ()
r. = T1/ A = _ik 2 h 1(1) (X)

X= kr < A > f I ( r ) 12 A dr

A = 1 - (2y 2+B2 +6 rB) G2 + 2112 a(B+3r)

page thirty



€&

R-134

The elasticdifferenttal cross section derived from

the Brueckner model is given by (k0= momentum of incident

pion, k = momentum of scattered pion)

(d cE/dcm) ad- 41a1 2 + (8/3)1b12J + 8Im[ac
adiabatic

approx.

+ (2 /3 )k'k0 ae + (2/3)b*'d] (A.2)

a = < jo(Z) I[1 52 2]-1 4ak.o + 1- (2B + -) >

b [I - 5a2 2 - 1 2ak 0 x k j0(Z)

C < [1 - 5a 2 2 ]F (8/3)kk 0 a2 k3 [2 h2 (1)(X)J2(y)

+ ( ) 221+ ri 0 ((X)j 0 (y)] > - < [1 - 5a2 e]-14(B + y)

2 L(1).
ak.1(1/X)k rl (X)Jl(y) > + < A-1 [(2B2 + r2 + 48)

0 ( 1 ) (X)jO (y) - k (B + r)4ako'3(1/A) h (1) (X)jl(y)I >

- [1 - 5a2 2] - I  (4/3)k0 x k a2 k 3 [ b2 ( 1 ) (X) j 2 (y)

(i)2(1 () ( (Y)

+ 2 h0  (X)jo(y)] + 2(0 + y)ak x 1(1/1)k 2  Ijl(y)

+ A-1 2(S + r)ak0 x (I/)k 2 h1(1 ) (X) i(Y) >
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e a < [1 - 5a22 ]-1 (2/3)a2k [ 0 1) (X)Jo(y) - 2 ( 1 ) (X)J2(Y)>

y = Ir

Z = l - ol

= (k + k)

Note that (daE/dilla b) (daE/d CM) " J(e1ab  where

J(elab = dAm/dJab and may be found in Section II.
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APPENDIX B

The extension of Brueckner's formalism to a three phase

shift, spin-dependent amplitude is indicated below. Following

Brueckner, we write the solution to the wave equation outside

the range of the scatterers,

ikir-r

(r) =O(r) + (CL- iA V) e

iklr BI
+ ( - iB.E e (B.1)

r-r

The amplitudes A,%, are related to the incoming wave

iko'r
? e to by

A -i

A=- 113 3 TA (2'V + i A xV ) 7O

(B.2)

1 1 " ) TA 1Ti

3k k

with TA 2 =3T

TATBTA = TA, the rows and columns being labelled according

to Brueckner. A, B, Ct) are given by the coupled equations:
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ik[r-B
1 I A V Hi0  (~iB.?) VE~A =-k-U 3 3 TA(2V+ia xV) 0+ (  - 1 1)j

3k L-r
r=rA

"A

3k k r-r
= ( 3 - lTA+1 0 + (  -B')er-

r=r
AB- i+ ii

3k ~Jr ik Ir-rAI
3k I33 B (2 + iaB x ) *0 + 0J - iA'V e

3k r-r

r=rB

i r-r

( 3 - 1) TB + TI ] @0  + (iA- i A ') ek  tr- A I r

3k kIr 7 A I
rr
A. B

To first order in the propagator in the numerator and to second

order in the denominator for A, QL , there results,

A = S A - aTA (2 + iaA x) (inpq + S + n n'C B)

2j 2 A B

+ a2TATB 2 [4A - aA x (a B x A) ] (B.4)

= qA + (BTA + r)(GqB - in'SB) + (BTA + -) [(BTB + y )G2

- aTB3A2] CL (B.5)
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a= TA(2k0 + iA x k *0 (r)

r ] qA = (STA +  ;r)  *0 (rA)

n =r r

G ik h0(1 ) (X)

(-ik3/3)[ 0 1 )(X) + 2

= ik3 h2 (1)(X)

= - 1k 2 h (1 ) (X )

Under the indicated approximation,

- [I - (STA + r)(BTB + Y)G2 "+ (T A + r) TB2ag2 ] -1

IqA + (STA + r)(GqB- in'gSB) I (B.6)

The denominator in (B.6) is approximately rationalized after

expansion of TA, TB, TATB in terms of the basis system of

four hypercomplex numbers, , .

Noting that

1 TATB + - TATB

X + TATBY X +Y X

with (TATB)2 = TATB , as well as,

1 , A A°

+
X + A Y X+Y X

with (A) = A1 , one easily solves (B.4) for A. Further,
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from the following relations, where f denotes the scattered

amplitude,

-ik'r
f(k." 0 ) = < ( + -Ak) e rV .A + A -B >, (B.7)

at t  4,u% Im Sp [f (ko+- kol A 1  (B.8)

and

(doE/do) = 1 Sp Aif(k - k0 )+ 1 1 Alf(k 4-k 0 ) 1 1  (B.9)

it is a straightforward, though tedious, calculation to arrive

at the expressions presented in Appendix A.
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TABLE CAPTIONS

I. Total cross sections on the Brueckner model at 85 and

190 Mev in the laboratory. At 85 Mev the phase shifts

have been taken as 633 .27, 63 = -.12, 61 .16.
At 190 Mev we have taken 6 = w/2, 3 -.183,

61 = .266. afree sum of the free particle cross

sections; Uexact = the result of the exact treatment of

the multiple scattering.

II. The elastic ir-D differential cross section calculated on

the Brueckner model at 85 and 190 Mev in the laboratory.

At 85 Mev the phase shifts have been taken as 633 = .27,

.1. 6 6 = 6 A 190 Mev the phasei 5~1 =.6 13 = 31 = 11 = 0. A 9 e h hs

shifts used are 63 =/2 3 -183, 51=.26

633= rT/21 6 3= -.13 61 * 266,

613 = 6= 0. The differential cross sections

are given in the laboratory system.
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TABLE I

Elab free adouble exact

k/g Mev mb scattering mb
mb

1.03a  85 54 61.5 63.3

1.03 b  85 55.3 58

1.66a  190 250 210

a 63 = 0

6 13 6 631 = 611 0

b = 044,=13 =31
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FIGURE CAPTIONS

1. The effect of the Coulomb interaction on elastic i+-D

scattering at 85 Mev (k'/g = 1.03). Curve A: (daE/dQ)NUCLEAR
E

vs. laboratory angle e. Curve B: (do /dQ)NUCLEAR+COULOMB

vs. e. The phase shifts used are 633 = .27, 631 6 1 =

-.044, 611 = 0, a1 = .16, and = -.12.

2. The effect of the Coulomb interaction on the (elastic +

inelastic) differential cross section at 85 Mev (kt/g = 1.03).

Curve A: (do E+I/d )NUCLEAR vs. laboratory angle e.
E+ICurve B: (do /dW)NUCLEAR+COULO B vs. e. The phase

shifts used are enumerated in the caption for Figure 1.

3. PD/PF vs. laboratory angle e (k'/g = 1.03).

4. H(2K) vs. laboratory angle e (k'/g = 1.03).

5. Feynman diagram for double scattering. The two particle

transition operators, ti, are represented by circles,

the nucleons by heavy lines, the mesons by dashed lines.

6. (a) and (b) are the f -potential corrections to single

scattering. (c) is an example of a ladder correction to

single scattering. (d) and (e) are three-meson potential

corrections to single scattering.



R-134

FIGURE CAPTIONS - continued

7. The absorption correction to daE/dal at 85 Mev

(kl/g = 1.03). Curve A is daE/dA uncorrected for

Eabsorptive scattering; curve B is da /dO corrected

for absorptive scattering, with aabs 8 mb.
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